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ABSTRACT

This paper proposes Market-based Iterative Risk Allocation (MIRA),
anew market-based decentralized optimization algorithm for multi-
agent systems under stochastic uncertainty, with a focus on prob-
lems with continuous action and state space. In large coordination
problems, from power grid management to multi-vehicle missions,
multiple agents act collectively in order to maximize the perfor-
mance of the system, while satisfying mission constraints. These
optimal action plans are particularly susceptible to risk when uncer-
tainty is introduced. We present a decentralized optimization algo-
rithm that minimizes the system cost while ensuring that the proba-
bility of violating mission constraints is below a user-specifie up-
per bound.

We build upon the paradigm of risk allocation [3], in which the
planner optimizes not only the sequence of actions, but also its al-
location of risk among state constraints. We extend the concept of
risk allocation to multi-agent systems by highlighting risk as a re-
source that is traded in a computational market. The equilibrium
price of risk that balances the supply and demand is found by an
iterative price adjustment process called t tonnement (also known
as Walrasian auction). Our work is distinct from the classical ta-
tonnement approach in that we use Brent’s method to provide fast
guaranteed convergence to the equilibrium price. The simulation
results demonstrate the efficien y and optimality of the proposed
decentralized optimization algorithm.
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Risk is summable. Hence, it can be considered as a resource.
This result is derived from Boole’s inequality:
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Assume that F; in the above inequality represents the event that the
ith agent in a multi-agent system fails. We defin system failure as
an event in which at least one of the agents in the system fails. Then
the left-hand side of (1) means the probability of system failure. It
is upper-bounded by the right-hand side, which is the sum of the
individual probabilities that each agent may fail.

The user of the system wants to limit the probability of system
failure to a constant probability S (risk bound). This constraint is
called joint chance constraint:
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Using Boole’s inequality (1), it can be easily shown that the follow-
ing condition is a sufficien condition of the original joint chance
constraint (2):
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Eq.(3) constrains the probability that each individual agent may
fail (individual chance constraints). Eq.(4) states that the sum of
the risk bounds of all individual chance constraints must not exceed
the risk bound of the original joint chance constraint S. Here, the
analogue to resource allocation is found: S is the total amount of
resource (i.e., risk), which is distributed among the agents in the
system; A; is the amount of resource allocated to the 7th agent.

Once the risk is allocated to each agent, a joint chance constraint
over multiple agents (2) is decomposed into individual chance con-
straints over individual agents (3), which can be handled by each
individual agent in a distributed manner. Then, a challenging prob-
lem is how to fin the globally optimal risk allocation without a
centralized computation.

2. THE MIRA ALGORITHM
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We have developed a Market-based Iterative Risk Allocation (MIRA)

algorithm that find the globally optimal risk allocation through a
tatonnement-like process. In the MIRA algorithm, each agent de-
mands risk in a computational market in order to improve its own
performance (i.e., reduce its own cost function), while the user sup-
plies a fi ed amount of risk by specifying the risk bound S. MIRA
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Figure 1: Market-based risk allocation in a system with two
agents.

iteratively adjusts the price to fin the equilibrium price, where the
demand and supply are balanced.

Agents are price takers. Given the price, each agent computes
the optimal amount of risk to take (i.e., demand for risk) by solv-
ing an optimization problem that minimizes the sum of its own cost
and the payment for the risk. The optimal action sequence and the
internal risk allocation are also determined by solving the optimiza-
tion problem, just as in the single-agent case [4]. The demand from
each agent can be seen as a function of the price of risk (demand
curve) as in Figure 1. Typically, the higher the price is, the less each
agent demands. Each agent has a different demand curve according
to its sensitivity to risk. The price must be adjusted so that the total
demand (aggregate demand) becomes equal to the supply, which
is a constant. The equilibrium price p* lies at the intersection of
the aggregate demand curve and the supply curve. The optimal risk
allocation for the two agents corresponds to their demands at the
equilibrium price (A7 and A3 in Figure 1).

Algorithm 1 presents MIRA algorithm. The algorithm termi-
nates when the price of risk reaches the equilibrium where aggre-
gate demand ), D;(p) is balanced with the supply S. It follows
from the KKT conditions for optimality that, if the cost functions
of all agents are convex, the risk allocation is globally optimized at
the equilibrium price, although each agent only minimizes its own
cost [5]. See [5] for the proof.

3. RELATED WORK

Past work on risk allocation [3][4] focused on single-agent prob-
lems with multiple state constraints, where optimal risk allocation
over the constraints is obtained by a centralized algorithm. Al-
though tatonnement has drawn less attention than auctions, it has
been successfully applied to various problems such as the distri-
bution of heating energy in an offic building [7] and the control
of electrical power fl w [2]. Classical tditonnement uses a simple
linear price update rule, but the convergence of price can only be

Algorithm 1 Market-based Iterative Risk Allocation

: Fix S, //Total supply of risk

. Initialize p; //Price of risk

while | 37, Di(p) — S| > eand p > 0 do
Auctioneer announces p;
Each agent computes its demand for risk D; (p)
Each agent submits its demand to the auctioneer;
The auctioneer updates p using Brent’s method;

end while
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Table 1: Comparison of the computation time of three op-
timization algorithms. Values are the average of 10 runs
with randomly generated problems. Computations of the dis-
tributed algorithms were conducted parallelly.

Computation time [sec]
Number of Decentralized
agents Centralized | (linear update) | MIRA
2 13.9 80.6 6.4
4 63.8 540.5 18.1
8 318.5 797.8 37.5

guaranteed under a quite restrictive condition [6]. Its slow conver-
gence is also an issue. We employ Brent’s method [1] to provide
guaranteed convergence with a superlinear rate of convergence by
exploiting the fact that a risk, which is treated as a resource in our
problem formulation, is a scalar value.

4. SIMULATION RESULT

The computation times of the following three algorithms are com-
pared: 1) centralized optimization, 2) decentralized optimization
with the linear price update rule (classical tatonnement), and 3)
MIRA, which updates the price using Brent’s method.

Table 1 shows the result. The computation time of the centralized
algorithm quickly grows as the problem size increases. Decentral-
ized optimization with a linear price increment is even slower than
the centralized algorithm, although the growth rate of computation
time is slower. MIRA, the proposed algorithm, outperforms the
other two for all problem sizes. The advantage of MIRA becomes
clearer as the problem size increases. See [5] for the parameters
and simulation settings used.
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